Back 9231_s08_qgp_1

2  Given that

o, =520,

N
where x > -1, find z u, in terms of NV and x. [3]

n=1
Find the sum to infinity of the series

ul+u2+u3+

when
() -l<x<l, (1]
(i) x=1. (1
9231_s08_ms_1
2 u, =In(1+x"")=In(1+x) or for In{Product of fractions} Bl
SV u, =8, = [+ )1+ x)] (AEF) Cancels — result —p
i) S, =-In(1+x) OR In(L Al
l+x

(i) S, =0 BI
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7  Prove by induction that

n
> (37 +7r7) = 5n3(n 1),

r=1

foralln > 1. [5]

Use this result together with the List of Formulae (MF10) to prove that

n

> =Ltn’(n+1)’Q(n),

r=1
where Q(n) is a quadratic function of » which is to be determined. [3]
9231_s08_ms_1
7  Verifies H, to be true Bl
He: Y\ 3r+r)=12)kk+1) Bl
He= Y Gr +7) =12 %k+ 1) +3(k+ 1) + (k+ 1) M1
=...=12)k+ 1)’k+2) Al
Thus H;, = Hj., and concludes Al
3P AR (n+ 1) = (12 (n + 1)’ Ml

=..2Y " P=(112)nr'(n+1)’2n" +2n-1) MIAl
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9  Use induction to prove that

N

4n + 1 ~1 1 )
&nn+1)2n-1)2n+1)  (N+1D)EN+1) [6]
Show that
- 4n +1 3
2 - < NE [4]
n=N+1"("+l)(2” 1)(2n+1)  8N2
9231_w08_ms_1
9 Setup
k
Hk:z 4dn+1 - 1 .

“n(n+1)2n-1)2n+1) (k+1)2k +1)

for some positive integer &

H :f 4n+1 - 1 N 4k +5 -
T = +1)2n-1)2n+1) (k+1)2k+1)  (k+1)k+2)2k +1)2k +3)

e 2k* +3k +1 A

(k+1)k+2)2k +1)(2k +3)

T T Al
(k +2)2k +3)

Verifies H, is true. Bl

Correct completion of induction argument Al
i 4n+1 o 1 - 1 S

Shaonn+1)2n-1)2n+1) 7 (N+1)2N+1) 2N +1)4N+1)

_ 3N 3N 3 MIAL

(N+1)2N +1)4N +1) “N2N4N " 8N?
OR

- 3N - 3
8N’ +14N*+7N+1 8N’ +14N+7+ L

SinceN=1 14N +7++>0

. 3
R o
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2 Verify that, for all positive values of n,

1 1 ~ 4n+9 .
(n+2)(2n+3) (n+3)2n+5) (m+2)(n+3)(2n+3)(2n+5) 2]

For the series

ad 4n+9

&+ 2)(n+3)2n+ 32 +5)°

find
(i) the sum to N terms, [3]
(ii) the sum to infinity. [1]
9231_s09_ms_1
2 Verifies displayed result MIALI
(i) Sy=1/15-1/(N+3)(2N+5) MI1A1Al
i) S,=1/15 i

Note:  Must see working for preliminary result

Either 2n* + 11n+ 15)— (2n* + Tn + 6) (oe)
} in numerator
Or(n+3)(2n+5)—(n+2)(2n+3)

Al Al
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11 Answer only one of the following two alternatives.
EITHER

Prove by induction that

> n=INP(N+ 1) [5]

N
Use this result, together with the formula for Z n’, to show that

n=1

N
Y (200 +36n%) = N(N + 1)(N +3)(5N +2). (3]

n=1

Let
N
Z(20n +36n° + un).

n=1

Sy =

Find the value of the constant u such that S, is of the form Nz(N + 1)(aN + b), where the constants
a and b are to be determined. [3]

Show that, for this value of u,

5+3v—2 <N‘4SN<5+%,
forall N > 18. [3]
9231_w09_ms_1
11 EITHER

Hk:Sk=Zk n* =(1/4)k*(k +1) for some k Bl
H =S, =0/4)k(k+1) +(k+1) Ml

=(1/4)k +1)(k +2) so that H, = H,,, MIALI
Verifies H, is true and completes induction argument Al
3" (20 +36n7)= SN (N +1) + 6N(N +1)2N +1) M1
=..=N(N +1) N +3)5N +2) (AG) MIALI
Sy =N(N+1)N +3)5N +2)+(u/2)N(N +1) Ml

= N(N+1)5N>+17N + 6+ u/2) MI
Take g =-12,then S, = N*(N +1)5N +17)so thata=5, b= 17 Al
NS, =5+22/N+17/N*, >5+22/N,VN=1 M1, Al

N=18=>N>17=17/N*<1/N
= NS, <5+23/N (AG) Al
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N
4  The sum S, is defined by S, = Z n°. Using the identity

n=1

(n+ %)6— (n- %)6 = 6n° +5n° + 3n,

find S, in terms of N. [You need not simplify your result.] (4]
Hence find Al/im NS - for each of the two cases
@i A =6,
(ii) A > 6.
[3]
9231_s10_ms_11
4 (N+1/2)°-1/64=6Sy+ (5/49N*(N+1)*+3NWN+1)/16 MIAIAl

M1 for application of difference method:
Al for LHS correct: Al for RHS correct

Sy=(1/6)N+1/2)° = (5/24)N*(N + 1) = (1/32)N(N + 1) - 1/384
1) o 16 16 SN'(N+1° 3
Or 6{(N+2) (2) }

-—N(N +1
4 16 ( )

[4]
(i) ForA=6,5 =1/6 B2

(i) Forh>6,8 =0 Bl
[3]
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2 By considering the identity
cos[(2n - 1)a] —cos[(2n + 1)o] = 2sin o sin 2na,

show that if & is not an integer multiple of 7 then

N
Y sin(2na) = Lcota — L cosec o cos[(2N + 1)a]. [4]

n=1

Deduce that the infinite series

3. sin(3nr)
n=1
does not converge. [1]
9231_s10_ms_13

2 2sin aZ:’:Isin(2na)= cosa —cos[(2N +1)a] MI1Al
= displayed result (AG) MIALl
[4]
cos(2N +1)7 /3 oscillates finitely as 7 — oo => Z:=1 sin(2n7/3) does not converge (CWO) Bl

; : . 1
Require o = %, ‘oscillate’ or values of cos(2N + l)% given as — or -1 [1]
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3  The sequence x|, x,, X5, ... is such that x, = 3 and
2x2 +4x, -2
Xy = —o——
o 2053
forn=1, 2,3, .... Prove by induction that x, > 2 for all n.

9231 s10_ ms 13

(6]

3 H,:x, >2forsomek Bl
Xy - 2=(2x2 ~8)/(2x, +3) MIAl
H,=2x; -8>0=>x,,,>2=>H,,, Al
x,=3>2=H, is true B1 CWO
Completion of the induction argument Al

(6]
© UCLES 2010
Page 5 Mark Scheme: Teachers’ version Syllabus Paper
GCE A LEVEL - May/June 2010 9231 13
Alternatively for lines 2 and 3:
L3
B x il ke MI1A1
A (T
H,=2x, +3>7T=>H,, Al
X
OR = X, +—k2 MI1A1
LT e 3)
X >2=>x,,,>2 Al
X
OR —-x, =2 MI1A1
X1 — Xk (2xk ” 3)
X >2X,,>x,>2 Al

Minimum conclusion is ‘Hence true forn = 1°.
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2 Use the method of differences to find S,,, where

-1
SN:Zn(n+2)' 4]

Deduce the value of A}im Sy [1]

9231 w10 _ms_1

2 nthtermis l(l— 1 ) MIAI
2\n n+2

1 1 1 1 | 1
—— + - + —-—— | +...
(N N+2) (N—l N+1J (N—Z N)
Ml sum of terms

[5-3(i3) |

- _;_[3 ! 1 jl Al after cancellation [4]

1
85 &2
X9

2 N+2 N+1

Limit = % B1vV [1]
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Prove by mathematical induction that, for all non-negative integers n, 72"*! + 5"*3 is divisible by 44.

9231 w10 _ms_1

[5]

n=0: 7'+5° =132 which is divisible by 44
Assume 7% "' + 5" 7 is divisible by 44
Consider 72(k+ )*1 5("+ HN+3 _ 7272k+ b 5.5k+3
— 49(72k+ 1 il 5k+3) . 44.5k+3

which is divisible by 44

Alternative solution for final three marks:
Consider (72k+3 L 5k+4) B (72k+ 1y 5k+3)
_ 48(72k+ 1 + 5k+3) . 44.5k+3

which is divisible by 44

Bl
Bl
M1
M1
Al

M1
M1
Al

(k+ 1) th term
in appropriate form
convincing argument [5]

in appropriate form
convincing argument
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1

1  Express Zr+D@r+3) in partial fractions and hence use the method of differences to find
py— [4]
i (2r +1)(2r +3)°
Deduce the value of
N |
§(2r+1)(2r+3)‘ (1]
9231_s11_ms_11
1 Any method including 1 _ l( 11 ) Bl
cover-up rule. Qr+D2r+3) 2\2r+1 2r+3
Expresses all terms as S 1 (1 1)+(1 1) ( 1 1 )
: =—|| === |+| === |.... - MIAI
differences. 2 ( 35 5 7 2n+1 2n+3
Find -1 _1 (act) Al
inds sum. 6 22n+3)
S, = % (BOM1A1YV AOA1Y if signs reversed.) Al
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4 Itis given that f(n) = 3% + 6",

(i) Show that f(n + 1) + f(n) = 28(3*") + 7(6"™"). [2]

(ii) Hence, or otherwise, prove by mathematical induction that f(n) is divisible by 7 for every positive

integer n. (4]
9231_s11_ms_11

4 (i) | Establishes initial result. fin)+f(n+1)=3>" +6"" +33*3 1 6" Ml

Al

=3"1+27)+6"'(1+6)
=283*)+7(6"") (AG)

(ii) | States inductive Hy: f(kh)= 71 Bl
hypothesis.
Proves base case. 3° +6° =28 =4x7 = H, is true Bl
Shows Py = Pii. flk+ 1)+ f(k) =flk+1)+71= 283*)+7(6" ™) M1
=Tu
=>fk+1)=7(u-4) ..Hi=H;,
States conclusion. (Hence by the principle of mathematical Al

induction H,, is) true for all positive integers ».
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1 Find22+4%+ ... +(2n)% (2]
Hence find 12 — 22 + 32 = 4% + ... — (2n)?, simplifying your answer. [3]
9231_s11_ms_13
1 Finds four times sum of B » old > 4n(n+1)2n+1)
first n squares. 2°+4% +..+(2n)" = 6 MI1AI
1222432 -4%+...—(2n)?
Subtracts eight times sum _ 2n(2n+1)(4n+1) 8n(n+1)(2n+1) MIALI
of first n squares from sum 6 6
of first 2n squares.
2n+1
Simplifies. = %(4n+1—4n—4)= -n(2n+1) Al
Or
4n(n+1)(2n+1) B 4n(n+1) A 4n(n+1)2n+1) (M1A1)
6 2 6
=-2n% -n (A1)
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2 LetA= ((2) 1 ) Prove by mathematical induction that, for every positive integer n,
- 2n 3(2’1 _ 1)
wa(Z 20, 5
9231_s11_ms_13
2 States proposition. Let P, be the proposition:
2 3 n n o
A = A" = 2" 32" -1)
0 1 0 1
2 3 2! 3x(2-1 .
Shows base case is true. A' = {0 J=(O (1 )J: P, is true. Bl
Assume P, is true for some integer k. B1
k k
Proves inductive step. AF! = 2 312" 32" - M1
0 140 1
(2% 322K -1)+3
WL 1
- 2k+l 3(2k+| —l) :
. 0 1 A
States conclusion. Since P; is true and P, = Py hence by PMI Al
P, is true V positive integers n.




Back

1 1
1  Verify that — -

2n+1

n> (n+1)? -

2r+1
bet Sy _z P+ 1)

n*(n+1)%

Express S, in terms of N.

9231 wWw11_gp_13

Let S = lim S,. Find the least value of N such that § —S,, < 107'°.

N-ooo

Verifies result.

Uses difference method

to sum.

Considers difference
between sum and sum to
infinity.

Solves inequality.

(AG

11 _n2+2n+l—n2 _ 2n+l
nt (n+1)° n*(n+1)° n’(n+1)°
s (L_LJ+(L_L)+ il L e
R VIR 4 CONE™Y e N2 (N+1)

1

ey | =

= (N +1)>10*

= least N =10°

(N +1)?

(N +1)?

107'°

)

(1]

(2]

[3]

B1

MI

Al

Ml

Al

Al
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2 Prove, by mathematical induction, that, for integers n > 2,

4% % 3T, [5]
9231_s12_ms_11
2 (States proposition.) P:4">2"+3")
Proves base case. Letn=2, 16 >4+ 9=P, is true. Bl
States inductive Assume Py is true = 4" > 2+ 3* Bl
hypothesis.
Proves inductive step. 4" = 4.4*% > 4(2% +35)=4.2% +4.3* M1
>2.2F +3.3F =2FH 4 34 Al
L Pi=>Pig
States conclusion. Hence result true, by PMI, for all integers n > 2. Al
(CWO)
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Back 9231_s12_qp_11
Given that f(r) = T 1)1(r+ % show that
2
=l e Tl

1

Hence fi .
Spcefing 2:4 rr+ )(r+2)

(2]

(3]

3 . 1 1
Proves initial result. f(r—1)-f(r) = rr 1) (r+D)(r+2) Ml
_ re2= _ 2 (AG) Al
r(r+D)(r+2) r(r+1)(r+2)
: 4 | 1| 1 1
Sets up method of {_ - } ......
differences. 2GeD 2l 23 S
2 1 o |
2(nn+l) (n+1)(n+2)
11 1
Shows cancellation to TS G D) (OE)
get result. Al
I~ 1 1
States sum to infinity. o Zl: r(r+1)(r+2) 4 ALY
‘Non hence’ method 1 e b, L + 1 (M1)
for last two parts r(r+l)r=2) 2r (r+1) 2(r+2)
i.e. penalty of 1 mark. ? I:I | | |
————,, (A1)
2 2 4 2(n+l) (n+l) 2(n+2)
= 1—1{ } OF) (A1)
4 2|\ (n+1)(n+2)
' zr(r+])(r+2) 4 (AN)

4
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Back

9231_s12_qp_13

Find the sum of the first n terms of the series

1+ ! + ! +
1x3 2x4 3x5

and deduce the sum to infinity.

Finds partial fractions.

Use method of
differences.

Obtains results.

1 _l{l_ 1 }
r(r+2) 2(r r+2

- 1
Z:r(r+2) -

r=1

1]l1 1 1 1
——- + - +.ot
2{[n n+2:| [n—l n+1} [

=l i— 1 - 1 (acf) =S5, =—
22 n+l n+2 4

3

1 1

2 4

(5]

MIA1

M1

3]

AlA1Y
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3u_-2
2  For the sequence u,, u,, u,, ..., itis given that u, = 1 and u_, = ’4 for all ». Prove by

mathematical induction that u, = 4(%)" — 2, for all positive integers n. [5]

2 3 n
(States proposition.) P,:u,= 4(2) -2)
Proves base case. Letn=1 4x % -2=3-2=1=P true. Bl
States Inductive Assume P, is true for some k. Bl
hypothesis.
k
3{4(§j - 2} -2 .
o 4 3(3) 6+2
Proves inductive step. Upy = =4 —|=| —— MI
4 4\4 4
3 k+1
- 4(_'J - 2 " Pk = Pk+|
4 Al
States conclusion. .. By PMI P, is true V positive integers. Al
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Let f(r) =r(r+ 1)(r +2). Show that

f(ry—f(r-1)=3r(r+1). [1]
Hence show that ) r(r+1) = in(n+ 1)(n +2). 2]
r=1
Using the standard result for Z r, deduce that Z r = én(n +1)2n+1). [2]
r=1 r=1

Find the sum of the series

128: 2% 2% 4 8% 2 x> 3 554 2 X6%% «ow 2 2= 1Y w02,

where n is odd. [3]

9231 w12 _ms 11

Verifies given result. r(r+)(r+2)-(-Dr(r+D)=r(r+D(r+2-r+1)
=3r(r+1) (AG)

n Bl
Uses method of Zr(r +1)=
differences to =1

sum first series. %{[f(n) —f(n=D)]+[f(n-1)-f(n-2)]+...+[fQ) - f O]} Ml

= %n(n +1)(n+2) (AG) (Award B1 if ‘not Al
hence’.)
: - - - nn+1)(n+2) nn+l)
Subtracts » r rP=) rr+l)=-) r= - Ml
2 R
to obtain sum of second 1 1
o = n(n+ Q0 +4-3) =<n(n+ 121 +1) (AG) i
Splits series into two (1° 30" G0 4l e -1 )= Ml
series.
(n -1 j( n+ l)n

Applies sum of squares n(n+1)(2n+1) Lo 2 2 J oo gt 2(n+1) MIAI

. =—N
formula to obtain result. 6 6 2
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2n
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Show that Y * = n(2n+1)(7Tn+1).

r=n+1

Use of:

Use of:

Obtains result.

2n

2722
ir2=n(n+l:5(2n+l)

2n(2n+1)(4n+1) _n(n+ D(2n+1)

L]
6

6 6
nQn+D@n+2—n—0=%nQn+Dﬂn+D(AG)

(4]

Ml

Ml

Al

Al



Back

2
3 LetS§, = X

integers N,

34

Proposition.

Proves base case.

States inductive
hypothesis.

Proves inductive
step.

States conclusion.

3

|
—+ =+ =+ ...

41

9231 wWw12_qp_13

[5]

Hy v=1—
VN (N +1)!
l=l=l=l—l:>H|iStrue. Bl
21 2 2!
H; : Assume S, =1- Gt D) is true. Bl
I—
S el 1 5 k+1 =(k+2). (k+2)+(k+1) M1
(k+1)! (k+2)! (k+2)!
1
:>Sk+l =]- Hk = Hk+|. Al
(k+2)!
(By PMI H,, is) true for all positive integers N. Al
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2 Prove by mathematical induction that 52" — 1 is divisible by 8 for every positive integer n. [5]
9231_s13_ms_11
2 Proves base case. P,: 5" —1 is divisible by 8. Bl
52 _1=24=3x8=>P, is true o
States inductive hypothesis. Assume P, is true: 5% —1 =81 for some . Ml
542 _1=25.5% —-1=24.5%* +5%* -1
= 3x8.5% +84
Proves inductive step. 5 Pr = Prni Al
States conclusion. (Since P, is true and P, — P;y).. P, is for every Al

positive integer »n (by PMI).
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N

| | 1
S  Use the method of differences to show that Z Gr+1)2r+3) =z E m [5]
r=1

2N

1 1
D h .
educe that ,;1. 2r+1)(2r+3) " 8N

9231 s13_ms_11

(4]

5 Finds partial fractions. 1 1 { 1 1 } MIAI
(2r+1)2r+3) 2|2r+1 2r+3
N
Z 1
= (2r+1DQ2r+3)
Expresses terms as differences. IifT 3 1 1 1 MI1AI
243 B 2{2N+1 2N +3
Shows cancellation. _ 1 1 (AG) Al
6 212N +3)
2N 2 N 2N M1
1 1 1 1
Uses = - ) I} P TR N | () [t P S
NZH z,: Z,: ; (6 2(4N+3)J (6 2(2N+3)J
Applies result 1 1 1 Al
“2\2N+3 4N +3
and simplifies. B N Ml
(2N +3)(4N +3)
Deduces inequality. & N _ 1 (AG) Al
2N4N 8N
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2n

1 Letf(r)=r!(r-1). Simplify f(r + 1) — f(r) and hence find Z ri(r? +1). [5]
r=n+1
9231_s13_ms_13
1 Simplifies. fr+1)—f(r)= r(r+ )= -1)r! MI
= Pt +r—r+1) =02 +1) ol
Uses difference o _ B _ _ M1
) Z‘ f(2) — f(1) + f(3) - f(2) +...f(n + 1) — f(n)
= n(n+1)1-0 = n(n +1)! Al
2n
Obtains result. Z = 2n(2n+1)—n(n +1)! Al

n+l

2n
(Or directly using Z =f(2n+1)—f(n+1) from the
n+l

method of differences.)
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3 Itis given that

n
_ )
S,,—Zur—Zn + n.

r=1

Write down the values of S, §,, S5, S,. Express u, in terms of r, justifying your answer. (4]
Find
2n
Y u, 3]
r=n+1
9231_w13_ms_11
3 Writes first four S1...85;~ 3,10, 21, 36 Bl
sums.
Deduces first four .. us3~3,7,11,15=>u,=4r-1 B1BI1
terms, conjectures , n :
and justifies result, | Sin¢e S, = 5 {6+4(n—1)}=2n* +n as given. Bl
Oru=8-8_=2r" +r-2(r-1f —(r-1) B1BI
=4r—1 Bl
Obtains required 20 (4r—1)= g 22+, —(4. nln+1)_ n) MIALI
sum. - -
=8n2+2n—(2n2+n)= 6n* +n Al

Or Sum of AP :%(4n+3+8n—1)=6n2+n




Back

1
(r+1)(r-1)

1  Express =

Find

State the value of

Finds partial fractions.

Expresses each term in
fractions

Cancels terms and sums

Find sums to infinity

9231 w13_gp_13

>

in partial fractions.

1

r+1)(r-1)

11 1
____..l.._
(2 2 6

| 1
=———+
4 2n

1

Soo = —

4

-

1
2(n+1)

(OE)

(1]

[4]

B1

MIAI

MIALI

B1
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2 Expand and simplify (r + 1)* - r*. [1]

n n
Use the method of differences together with the standard results for Z r and Z r? to show that

r=1 r=1

Zr3 = }‘nz(n -~ 1)2. (4]
r=1
9231 s14_ms 11
2 r+ 1) =rF=4r+6r +4r+1 Bl
[1]
(n+1)*=1*=42"_ P+ 6X"_ F*+ 4% _r+n Ml
n'+4n’ + 6n* +4n= 43" P +n2n* +3n+ 1)+ 2n° +2n+n AlAl
= ... 2I,r=1rn+1) . (AG) Al
[4]
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3  Prove by mathematical induction that, for all non-negative integers n,

11°*.5. 25" 429

is divisible by 24. [6]
9231_s14_ms_11
3 Hi: f(k) = 11%* + 25K+ 22 =24 Bl
f0)=1+1+22=24=1x24 = Hyistrue. Bl
flk+1)—f(k) = 11%**2+ 2551 + 22 — (11%* + 25 + 22) Ml
=11%(121 - 1) + 25¥(25 - 1) Al
=11%*x 24 x 5 + 25" x 24 = 24y Al
Alternatively:
flk+1)=11%*"2+25"*1+22 (M1)
=121.11%* + 2525 + 22 = (120 + 1)11%* + (24 + 1)25* + 22 (OE) (A1)
=120.11%* + 24.25" + 241 = 24, (A1)
= flk+1)=24u + 244 = 24(u + 1) = Hy+ is true. Al
Hence by PMI H,, is true for all non-negative integers. (Must see non-negative integers.) [6]
CSO: Final mark requires all previous marks.
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2 Show that the difference between the squares of consecutive integers is an odd integer. [1]

Find the sum to n terms of the series

3 .S 1 . 2w+l
12x22  22x3%2 32x42 T 2r+1)2

and deduce the sum to infinity of the series. [5]

2 n+ 1Y —n*=n*+2n+1-n*=2n+1= odd. Bl
3 .05 . 7 . 4l - P-2 £-3 ()’ M[&l
1222 2232 3247 T Ri(m+1)? 1227 2237 3247 T nP(n+1)?
1 1 1 1 1 1 1
=l ettt —— M1
9% "ok 3% 32 A2 n (n+1)’
e Al
(n+1)
Sum to infinity =1. Al
(5]
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3 Itisgiventhat ¢(n)=5"(4n+1)-1,forn=1, 2, 3, ... . Prove, by mathematical induction, that ¢(n)
is divisible by 8, for every positive integer n. [7]

3 #(1) =5 x5 —1=24 which is divisible by 8 = H, is true. Bl
Assume Py is true for some positive integer k = @(k) = 8/ Bl
plk+1)—g(k) =5""4k+5)—1-5@k+1)+1 M1

=520k +25 - 4k - 1) Al
= 516k +24) = 8m Al
SPk+1)=8(I+m) Al
Hence, by PMI, true for all positive integers n. (CWO - all previous marks required.) Al
[7]

Alternatively

plk+1)=5"""4dk+5) -1
=5. (4k.5% +25.5F -1

=58/-5+1)+25.5 -1 (M1A1)
=40/ +20.5* + 4
=40/ + 24.5 - 4.5*+ 4 (A1)

=40/ +24.5" —4(5*~ 1)

=40/ + 24.5" — 4(81 - 4k.5%)
= 81+ 24.5" + 16k.5* (A1)
=8m
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1 Given that
1 1

= k-1 J2k+1)
express Z": u, in terms of n. [4]
k=13
Deduce the value of i u,. [1]
k=13
9231_w14_ms_11

1 e - )t =) MIALI
lesu" =%—75h M(L";‘l

lesu" =5 B;};f‘

5]
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Itis giventhatu, =rxr!forr=1,2,3, ... LetS, =u, +u,+u, +... +u,. Write down the values
of
21-8,, 3!-5,, 4-85;, 5!-§,. [2]
Conjecture a formula for S, . [1]
Prove, by mathematical induction, a formula for S, , for all positive integers n. [4]
9231 w14_ms_11
2!-8=1,3'-85,=1,4'-85:=1,5!'-8;=1 (Two correct Bl, all four correct B2) B2,1,0
(2)
Sy=nm+1)! -1 Bl
(1)
21-1=2-1=1= H, is true. Bl
Hkl Sk=(k+l)!—1 Bl
(k+1)! =1+ (k+ 1) x (k+ 1)
=(k+ D1 +k+1)—1 Mi
=([k+1]+1)! =1 Hence H, = Hy,,
So result holds for all positive integers (by PMI). Al
4)
171
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13 9
1 Use the List of Formulae (MF10) to show that 2’(3r2 —5r+1) and Z(r3 — 1) have the same

r=1 r=0

numerical value. (4]
9231 s15_ms 11
1 3 x13XI:X27—SXI3XI4+13=2015 MIAI
9x107 .
—10 =2015 (Award M1 for subtracting 9 or 10 here.) MIAI
4
Total: 4
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4a 5
The sequence a, a,, a,, ... is such that @, > 5 and q,, | = T" + — for every positive integer n.
Prove by mathematical induction that @, > 5 for every positive integer"n. [5]
Prove also that @, > a,,,, for every positive integer n. (2]
9231_s15_ms_11
a,>5 (given) = H, is true. Bl
Assume Hy is true for some positive integer £, i.e. ax =5 + d, where 0 > 0. Bl
2 2
5 =M_5 » 4a,” +25-25a, - (4a, - S)(a,—5) S0 ST 55 MIAT

Sa, Sa, Sa,
Or

4 5 4 5 o°
= —(5+0)+ , =4+—0+(1—-—+—-..) for0<o <5 Ml
Uu= 500+ + T s S oy

(AT)

=5+ % S +0(5%) = a, > 5, (0= 5 is trivial).

H; = H; ., and H, is true, hence by mathematical induction, the result is true for all | Al

n € Z" (N.B. The minimum requirement is ‘true for all positive integers’.) )
5 1
A, —aQ=———a, M1
a 5
5 1
—<land —g,>1=>4q,,-a,<0=>a,,;,<aq, Al

Total: 7
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n

1 n
3 Prove by mathematical induction that, for all positive integers n, E = ; 6
— 1
State the value of —_— 1
; (2r)* -1 [1]

9231 s15 ms 13

k 1
r=12r)* -1 2k+1

is true for some integer £. Bl

’1 =l= 1 :>H1 istrue. Bl
2°=1 3 2x1+1
2
k i 1 _ k i 1 _ 2k° + 3k +1 MIAL
2k+1 (2k+2)° -1 2k+1 Qk+1)(2k+3) (k+1)(2k+3)
_ Qk+Dk+1)  k+1 Al
2k +1)(2k+3) 2k +1]+1
Sy = Hygy
.. (By Principle of Mathematical Induction) H, is true for all positive integers ». (This mark requires | Al
all previous marks.) (6)
o 1 1
pY = Bl
r=l L
Total
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4  The sequence a,, a,, a,, ... is such that, for all positive integers n,

2 n+35 n+6
" Jmr-n+1) J@r+n+1)

N
The sum Z a, is denoted by S,,.. Find

n=1

(i) the value of S, correct to 3 decimal places, [3]
(ii) the least value of N for which S, > 4.9. (4]
9231_w15_ms_11
6 7 7 8 35 36 36
4 i ——-—|+—=—-—F=|+...+| == |=6——F=4.820 MI1A1l
2 («/T ﬁ) ( 3 7) (4871 J931] V931 Al
(3]
e n+ 6 2
(ii) | 6———=>49=0.21n"-10.79n-34.79(> 0) M1A1
vl +n+l
= n>5442... so 55 terms required. dM1Al
(4]
Total
7




2

9231 s16_ms_11
MI1A1l

(Award B2 if written down by cover up rule.)

2 4 1 2 4 2 2
(2—2+—)+(1——+—)+...+[ it ¢ J+(——
3 3" 2 n-1 n n+l n

2

Back 9231_s16_qp_11

4

eSS L+ )(r + 2)

- 4
Deduce the value of .
; r(r+1)(r+2)

2 4 2

r r+l r+2

2 2
=]—-—2q+
n+l n+2

(AEF)

Sum to infinity = 1

4
n+l1

-

n
in partial fractions and hence find .
; r(r+1)(r+2)

2
n+2

J

[5]

[1]

MI1A1l

Al
[5]

B1V
[1]
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3 Prove by mathematical induction that, for all positive integers n, 10" + 3 x 4"*2 4+ 5 is divisible by 9.

[6]

3 Forn=1. 10+192+5=207=9x23=-H,istiue; Bl
Assume H, is true for some positive integer k = 10" +3.4""* +5=9¢ B1
Let f(n) = 10" +3.4"* +5
Hence f(n+1)—f(n)=10"(10-1)+3.4"(4-1) M1
=9(10" +4"%)
=98 Al
Hence f(n+1)(=9(,B+a)): Hj 18 true Al
H, is true and H; = Hy., , hence by PMI H,, is true for all positive integers n. Al

n+2 rd 4thg cth [6]
N.B. Or can show f(n+1)= 9(10a —2.4" — 5) for M1A1A1. (3" 4"&5
marks)
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: 1 | 1 |
L Yenbyma (3r+1)(3r+4)‘§(3r+1'3r+4)' 1]
A I 2 1
Let S, denoteZl GrrDGr+4) and let S denote z; GreDGr+d)’ Find the least value of N
r= r=
& |
such that § - §), < 10000 [5]
9231 s16_ms 13
1 _1_( . )=l (3r+4)-(3r+1) _ 1 AG B1
3\3r+1 3r+4) 3 (3r+1)(3r+4) (3r+1)(3r+4) [1]
s:v=l(l_l)+(l_L)+...+( ! )_ ! =l[l_ ' j M1 Al
31\4 7 7 10 3N +1 3N +4 34 3N+4
1
:>S=E Al
=2>5-Syv= : < :
" 3(3N+4) 10000 M1
:>3N+4>@:>N>IIO9%.ThusleastNislllO. Al
[5]




Back 9231_s16_qp_13

2 It is given that a diagonal of a polygon is a line joining two non-adjacent vertices. Prove, by
mathematical induction, that an n-sided polygon has %n(n — 3) diagonals, where n > 3. [6]

9231 516 ms_ 13

2 With n=3, %n(n—3)=0 M1
A triangle has no diagonals = Hj is true. Al
Assume H, is true: A k-gon has %k(k —3) diagonals for some integer >3 B1
Adding an extra vertex, a further (k — 1) diagonals can be drawn. M1
A - k+1)(k-2

%k(k—3)+k—l=k 3"2‘“2" 2_{ )2( )
| Al
=5(k+l)(k+l—3) (SO Hk=> Hk+l) Al

[6]

=H, is true for all integers n>3 .
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n
1
1 Use the method of differences to find Z

=1 (2r)* - €

Deduce the value of Z

(1]

(2r)2 -1

' (2r- l)l(2r+l) ;(Zrl—l—2r1+l) MIAL1
,i..(zr)lz- =%([l_§]+[%_%]J’"'"L[znl-l—2nl+1])=%(l_2nl+1) (O8) A

1 1 n >, 1 1
i - = = B1Y
35 212
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4  Using factorials, show that ( " ) + (n ) = (n il ) [2]
r—1 r r

Hence prove by mathematical induction that

(a+x)" = (’(;)a"+(n)a""x+ ...+(n)a""x’+ ...+(n)x"
r n

for every positive integer n. (4]

! L':J{n :(r—l)!('l:!—r+l)!+r!(nnir)!=(r—l);1(!n—r)!(n—1r+l+;]_~) M
B (r—l)’!’(!n—r)![:;nn—_r’:—l;]z r!((nnjrl-)i-' 1) =[n: 1) Al
(a+x) =((1)Ja+(:Jx=a+x=> H, is true. BI

Assume H; is true,i.e.

» k k k k
(a+)r)A =(0Ja* +[l]a*"x+...+[ Ja“"x"+...+(k)x" BI
"

sty k k k+1
Multiplying by (a + x), the coefficient of a*~"*'x" is: [ ]J+( ):[ ] Ml
r— r r

= Hy,, is true.

Hence H, is true for all positive integers. Al




